Abstract: We provide nontrivial examples of solutions to the system of coupled equations introduced by M. García-Fernández for the uniformization problem of a triple (M L E), where E is a holomorphic vector bundle over a polarized complex manifold (M L), generalizing the notions of both constant scalar curvature Kähler metric and Hermitian-Einstein metric.
Introduction
In his Ph.D. thesis [10] (see also [1] ), M. García-Fernández introduced a natural system of equations, called "coupled equations" that is related to a very simple data, composed by a Kähler manifold, a Kähler class and a vector bundle on the underlying manifold. Let us recall briefly how this system appears through a moment map construction.
Let (M ω) be a compact symplectic manifold, G a compact Lie group and π : E → M a smooth principal G-bundle on M. Let J be the space of almost complex structures compatible with ω, and A(E) be the space of connections on E. One can consider the extended gauge group G of E. It is the group of automorphisms of E that cover the hamiltonian symplectomorphisms H of M. We mean that for such an automorphism , π • = • π where ∈ H is a symplectomorphism of M, and in particular this group G contains the gauge group of E. It is possible to check that there is a surjection map : G → H [10, Section 2.2]. Using this surjection, one can define an action of ∈ G on J × A(E) by Using the symplectic structures ω J ω A(E) on J and A(E), one can fix a symplectic form on J × A(E) by
· (J A) = ( ( ) * J · A) = ( ) • J • ( ( ))
for α 0 α 1 two real constants. Of course this choice is not canonical a priori, but this is probably the simplest one. In this setting, there is a moment map µ : J × A(E) → Lie( G) * associated to the action of G and the symplectic structure Ω we have just described [10, Proposition 2.3.1].
Let us assume from now that M has a Kähler structure, ω is a Kähler form. We can restrict our attention to J ⊂ J, the set of integrable almost-complex structures that are compatible with ω, and A 1 1 J (E), the subset of compatible connections A on E such that F 0 2 A = F 2 0 A = 0 with respect to the structure J. There is a G-invariant complex submanifold S ⊂ J × A(E) consisting of pairs (J A) such that J ∈ J and A ∈ A 1 1 J (E). There is a Kähler form on the non singular part of this complex submanifold S obtained by restriction of Ω and thus an induced moment map µ from the G-action by holomorphic isometries.
A pair (J A) ∈ S is a solution of the following system of two equations:
if its orbit belongs to the Kähler reduction µ −1
(0)/ G. Let us give some details about these coupled equations. Here J = ω(· J ·) is the metric induced by the Kähler form ω and the structure J ∈ J , Scal( J ) the scalar curvature of J , Λ ω the contraction operator with respect to the form ω, F A ∈ Ω 2 (ad E) the curvature of A, and α 2 a constant dependent on α 0 , α 1 , the Kähler class, and topological constants. Likewise is determined by the Kähler class and topological constants, see [1, Remark 1.2] . Using a fixed definite inner product on Lie(G), invariant under the adjoint action, we get a pairing from the spaces of smooth forms in the adjoint bundle ad E to the space of smooth forms on the manifolds, i.e. a map Ω (ad E) × Ω (ad E) → Ω + which allows us to compute the term F A ∧ F A [1, Section 1.1]. In the rest of the paper, we are interested only in Hermitian vector bundles E with rank 1, so actually the term F A ∧ F A stands for −Tr(F A ∧ F A ) with F A ∈ Ω 2 (End(E)).
Of course when one considers a trivial bundle E, it turns out that the coupled system can be solved by finding a constant scalar curvature Kähler metric and a flat connection. From Fujiki and Donaldson's work, it is well known that the constant scalar curvature Kähler equation (cscK equation in short) appears as prescribing a zero of the moment map induced by the action of the hamiltonian symplectomorphisms H on the integrable complex structures J , see [7] for details. On the other hand, the first equation of (2) appears naturally when one is considering the action of the gauge group of E [8, Chapter 6] in view of the Kobayashi-Hitchin correspondence. Certainly, the motivation to study the coupled equations (2) M. García-Fernández showed that it is possible to obtain examples of solutions to the coupled equations (2) by deformations (when α 1 /α 0 is small enough) of a manifold M that carries a constant scalar curvature Kähler metric and a Hermitian-Yang-Mills holomorphic vector bundle, if the automorphism group of M is finite [10, Theorem 3.2.4] . The proof reduces to an implicit function theorem and the assumption on the automorphism group allows to invert the linearization operator. Also, when M has complex dimension 1, the term F A ∧ F A vanishes and one can provide solutions to the coupled equations by considering the Kobayashi-Hitchin correspondence for holomorphic bundles, i.e. Mumford polystable bundles on the complex curve. On compact homogeneous Kähler-Einstein surfaces, examples can be provided by considering anti-self-dual connections. In higher dimensions, examples can be found by using projectively flat bundles over a manifold with constant scalar curvature metric and satisfying a natural topological condition. As one can remark, all these examples are very specific since they hold on manifolds that carry a constant scalar curvature Kähler metric. It is natural to wonder if one can find new examples of solutions to the coupled equations on complex manifolds such that there is no solution to the cscK equation in the class 2π 1 (L). The main goal of this paper is to construct such examples over a ruled surface and a ruled threefold. Note that we are considering the case of a threefold in Section 3 to obtain examples with the positive ratio α 1 /α 0 (while our ruled surface carries a solution with negative ratio α 1 /α 0 ).
The main result of the paper can be stated as follows. 
for ∈ R. Applied to the pairs (ω γ ( )), with γ ( ) playing the role of F A , the coupled equations (2) now reduce to a single scalar equation
for triples ( 
Examples of solutions to coupled equations on Hirzebruch type ruled surfaces
Let us consider a ruled manifold of the form (1) = P(O ⊕ 0) and 
Thus, we get 1 = C Γ and 2 = E 0 Γ − C Γ. We shall use the techniques developed in [2, 4] to build a solution to the coupled equations (2) and check that the manifold M does not carry a constant scalar curvature Kähler metric. We are using part of a converse to [4, Theorem 3] .
The arguments for such a converse and hence the validity of the constructions below can be found in the discussion in [4, Section 1.4], and a more general version of this result is stated in (the second half of) [3, Theorem 5] . To build the so-called admissible metrics [4] on M we proceed as follows. Let θ be a connection one form for the Hermitian metric on M 0 , with curvature θ = ω Σ . Let Θ be a smooth real function with domain containing (−1 1). Let be a real number such that 0 < < 1. Then an admissible Kähler metric is given on M 0 by
with the Kähler form
The complex structure yielding this Kähler structure is given by the pullback of the base complex structure along with the requirement
The function z is hamiltonian with K = J grad z a Killing vector field. Observe that K generates the circle action which induces the holomorphic C * -action on M as introduced above. In fact, z is the moment map on M for the circle action, decomposing M into the free orbits M 0 = z −1 ((−1 1)) and the special orbits z −1 (±1). Finally, θ satisfies θ(K ) = 1. In order that (be a genuine metric and) extend to all of M, Θ must satisfy the positivity and boundary conditions
The last two of these are together necessary and sufficient for the compactification of . Define a function F (z) by the formula
Since 1 + z is positive for −1 < z < 1, conditions (7) imply the following equivalent conditions on F (z):
The volume form of in (5) is given by
while the Ricci form is given by
and the scalar curvature is given by
The calculations of these geometrical terms can be found in [2] .
It is also easy to see that
where
in a gauge chosen so that the connection form θ has no z components. Therefore, from (4), we have that
and we fix = /( + ) with ∈ Z * + . Thus we assume is such that
is a positive integer.
is traceless and therefore anti-self-dual. Using this, we easily check that the form
which does not depend on F (z), is both closed and anti-self-dual. Since the second Betti number 2 (M) of our ruled surface M is two, while the signature, σ , is zero, a basis for the vector space of harmonic real (1 1)-forms on (M ) would be given by {ω α}. Now, 
We therefore have that
it is easy to see that for appropriate choices of and , [γ /(2π)] is an integral class and thus γ may be viewed as the curvature form √ −1 F A of some connection A on some stable vector bundle E, bundle over M (of course in that case E is a line bundle). Actually any choice of ∈ Z and integer multiple of (2 + ) / 2 , where is given by (11), will imply that [γ /(2π)] belongs to H 2 (M Z).
We easily calculate that Λ ω γ = 2 (13) which corresponds to the first equation of the system (2). The second equation of the coupled equations (2) in the variables ( ω J) on M and γ on E, corresponds to
for some constants
It is straightforward to verify that
(1 + z) 4 µ and since Λ 2 ω µ = 2, see e.g. [6, 2.77], we have that
(1 + z) 4 Assuming that ( ω J) is admissible, and hence determined by F (z) satisfying (9), we get that (14) is equivalent to
(1 + z) 4 = α 2 Unless = 0 we have that α 0 must be non-zero. Otherwise, if = 0, we only get a trivial solution since M admits no constant scalar curvature Kähler metrics. We therefore arrive at the following ODE:
Integrating twice we see that this has a solution, satisfying (9), if and only if 2 4 and α
In this case we find a unique solution
and then 
in the previous equations with
) > 0 the same can be concluded if 2 + Σ > 0. Eventually, in both cases, F is strictly positive.
Thus, we have obtained that conditions (9), equations (14) and (13) are all satisfied and the system of coupled equations admits a solution in integral classes from (10) and (12) . This leads to the following result.
Proposition-Example 2.1.
1 (L), a complex structure J defined by (6) , (8), (16), and a connection A ∈ A 1 1 J (E) such that the triple (ω J A) is a solution to the coupled equations (2) . The constants Despite our attempts we were not able to obtain an example in dimension 2 of a solution to the coupled equations with positive constants α 1 /α 0 > 0. This is why we have considered a higher dimensional construction in the next section. Note that once the bundle E and the class L are fixed, as in our proposition, the solution (ω J) is unique in the set of admissible Kähler metrics, up to automorphisms.
About the Calabi-Yang-Mills functional
We are now going to consider the coupled equations from a variational point of view but in a sligthly different setup than in [1, 10] , where the constants α are all positive. First of all, using the fact that for any A ∈ A 1 1 (E),
the system of coupled equations is equivalent to
and we shall consider the case α 0 = 0. It is natural to introduce the Calabi-Yang-Mills type functional
and the constant
which appears when one is integrating over the manifold M the second equation of the system (2). Here we assume that the complex structure is fixed and varies among Kähler metrics with a fixed Kähler class 2π 1 (L) Remark 2.2.
Our functional F CYM differs from the functional (denoted CYM) introduced in [10] . Let us give some details about it. We do this choice of functional so that, up to a renormalization, it is globally invariant if we do the change of metric ω → ω and change accordingly the constants α 0 α 1 by α 0 2 α 1 in (2). Furthermore, when α 1 → 0, it reduces to precisely the sum of the Calabi functional and the Yang-Mills functional. Finally, the functional F CYM behaves nicely as we shall see later even if the ratio α 1 /α 0 is negative. Now, with (18), we get that
is a constant dependent only on topological constants of (E [ω] M) and the triple α = (α 0 α 1 α 2 ). Remark that we can write
depends only on [ω] and the topology of (E M). Therefore, we obtain
We claim that for several choices of ω L E in Proposition-Example 2.1, there exists a solution to the coupled equations (2) that minimizes the F CYM functional.
Actually, we remark that if one has the inequality
and the equality is achieved precisely for a solution to (2) . From (15) and (17), we remark by a direct computation that the limit when → +∞ of the LHS of (19) is 1 + Thus, if we choose large enough (hence > 0 small enough), we get the required inequality (19) and independently of the choice of the other parameters.
Another possible choice is to allow 2 → ±∞ and in this case the LHS of (19) tends to 1. We can also do the following choice: α 2 = 0 with 1 = 2 = , = , = 3 , = 1/2 and Σ = −2 which implies again that the solutions of the coupled equations minimize the F CYM functional.
From our discussion we obtain the following corollary.
Corollary 2.3.

In Proposition-Example 2.1, there exists for large enough or | 2 | large enough (or for the choice Σ = −2, = 3 , = ) a solution to the coupled equations (2) that is the absolute minimum of the F CYM functional.
Let us discuss now briefly the uniqueness of the solutions we found. We know that at the level of Chern classes,
where H ∈ |O M (1)| and : M → Σ is the canonical projection of the ruled manifold M to the surface Σ. Thus for our last choice above (α 2 = 0 and Σ has genus = 1 + , ∈ Z * + ), we are under the conditions of [10, Proposition 3.5.3 (2)] since 1 (M) ≤ 0 for large enough. Thus we have constructed a family ((M J) E 2π 1 (L)) with solutions ( A) to the coupled equations (2) such that the associated Kähler form ω is unique in the Kähler class 2π 1 (L).
Examples of solutions to coupled equations on the total space of a projective bundle over a product of two Riemann surfaces
In order to obtain a form Ω defined by (1) which is Kähler we would like to construct an example of solutions to (2) where α 1 /α 0 > 0. To that end, we change the setting a little bit to gain more flexibility.
Let us consider a ruled manifold of the form and the complex structure given as in the previous section. If we set
then the boundary conditions (7) now become equivalent to
and the scalar curvature of equals In Section 2 we arrived at a suitable traceless closed (1 1) form α by taking a conformal rescaling of the traceless part of the Ricci form ρ. In the setting of the current section, the traceless part of the Ricci form is rather messy and we prefer to go another route. Notice that in Section 2 we have α = ( ω Σ + ∧ θ), where = 1/(1 + z). Let now
Since ω and z are globally defined on M and each of the ω is globally defined (as a pullback), the expression (20) for ω tells us that the 2-form z ∧ θ must be globally defined (even though θ is not). Therefore
It is easy to see that α is closed. If · · denotes the inner product on 2-forms induced by the metric , we observe that α ω = 0 using the following facts: (1), we can determine the value of and , = 1 2. Indeed, if
then (allowing for a slight abuse of notation)
On the other hand, since α = (ω 1 + ω 2 ) + ∧ θ, we also have that
and (1) and so, using the fact that = 1/((1 + 1 z)(1 + 2 z)), we get
Similarly to the previous section we now define γ = ω + α. From the discussion above we see that
Given values of 1 and 2 , it is now clear that we can choose ∈ R such that [γ /(2π)] is an integer class.
Using that for any (1 1) forms β δ, we have, see e.g. [6, 2.77],
Since Λ ω γ = 3 and the scalar curvature is given by (22), the coupled equations (2) are satisfied, in the case α 0 = 0, if and only if
Then the above equation can be written as
Let us fix
gives a bona fide solution if and only if κ 1 and κ 2 are such that
and F (z) > 0 for −1 < z < 1. We calculate that
Now the first equation of (24) becomes 1 + 1 2 3
while the second is in the above expression always is less than zero for 0 < | | < 1. Now, using < 2 it is not hard to check that for 0
being positive definite), κ 2 , and hence α 1 /α 0 , is never positive. Likewise, κ 2 is never positive for −1 < 1 2 < 0. Moving forwards we shall, without loss of generality, assume that 0 < 1 < 1 and −1 < 2 < 0. Unfortunately, (i) of (21) is hard to check in general and by experimenting with some examples we discovered that in some cases it is simply not satisfied. This is a situation not unlike the extremal Kähler metric situation on e.g. ruled surfaces of higher genus. For now, we shall focus on a few token examples, taking us through the various genera that may occur for Σ 1 and Σ 2 , where the positivity of F (z) may be verified directly.
Examples
An example with
Since 0 < 1 < 1 and 1 > 0 while −1 < < 0 and 2 < 0, this corresponds to the case where Σ 1 and Σ 2 both have zero genus and
It is easy to check that the linear system has a unique solution unless = −1/2. We observe that P( ) is positive at = −1, negative at = 1, and changes sign only once in the interval −1 < < 1. Since
Proposition-Example 3.2. As in the example above,
Proposition-Example 3.4. Again,
Proposition-Example 3.5. Again, F (z) = Proposition-Example 3.6. Again, F (z) = z −1 P( ) > 0 for −1 < z < 1.
Proposition-Example 3.7. Since, as we mentioned earlier, κ 1 and κ 2 depend only on 1 2 1 2 , we may conclude that for | | sufficiently large the solutions we constructed above to the coupled system are actually minima of the F CYM functional.
